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Abstract 

We describe properties of the nonstandard g-deformation [/^(so„) of the uni- 
versal enveloping algebra U{so„) of the Lie algebra so„ which does not coincide 
with the Drinfeld-Jimbo quantum algebra [/^(son)- In particular, it is shown that 
there exists an isomorphism from Uq{so„) to Uq{sln) and that finite dimensional ir- 
reducible representations of Uq{sOn) separate elements of this algebra. Irreducible 
representations of the algebras Uq{sOn) for q a root of unity — 1 are given. The 
main class of these representations act on p'^-dimensional linear space (where A'^ 
is a number of positive roots of the Lie algebra so„) and are given by r = dimso„ 
complex parameters. Some classes of degenerate irreducible representations are 
also described. 



1. Introduction 

Quantum orthogonal groups, quantum Lorentz groups and their corresponding quantum 
algebras are of special interest for modern mathematical physics [1-3]. M. Jimbo [4] and 
V. Drinfeld [5] defined g-deformations (quantum algebras) Uq{g) for all simple complex 
Lie algebras g by means of Cartan subalgebras and root subspaces (see also [6] and [7] ) . 
Reshetikhin, Takhtajan and Faddeev [8] defined quantum algebras Uq{g) in terms of 
the quantum i?- matrix satisfying the quantum Yang-Baxter equation. However, these 
approaches do not give a satisfactory presentation of the quantum algebra Uq{so{n, C)) 
from a viewpoint of some problems in quantum physics and representation theory. 
When considering representations of the quantum groups SOq{n + 1) and SOq{n, 1) we 
are interested in reducing them onto the quantum subgroup SOq{n). This reduction 
would give an analogue of the Gel'fand-Tsetlin basis for these representations. However, 
definitions of quantum algebras mentioned above do not allow the inclusions Uq{so{n + 
1,C)) D J7g(so(n, C)) and Uq{sOn,i) D Uq{sOn)- To be able to exploit such reductions 
we have to consider g-deformations of the Lie algebra so(n + 1,C) defined in terms 
of the generators Ik,k-i — E^^k-i — Ek-i,k (where Eis is the matrix with elements 
{Eis)rt = SirSst) rather than by means of Cartan subalgebras and root elements. To 
construct such deformations we have to deform trilinear relations for elements Ik,k-i 
instead of Serre's relations (used in the case of Jimbo's quantum algebras). As a result, 
we obtain the associative algebra which will be denoted as C/^(so(n, C)). 

These g-deformations were first constructed in [9]. They permit one to construct 
the reductions of /7^(so„,i) and t/^(so„+i) onto [/^(so„). The q-deformed algebra 
Ug{so{n, C)) leads for n = 3 to the g-deformed algebra t/q(so(3, C)) defined by D. Fair- 
lie [10]. The cyclically symmetric algebra, similar to Fairlie's one, was also considered 
somewhat earlier by Odesskii [11]. The algebra J7^(so(3,C)) allows us to construct the 
noncompact quantum algebra ?7^(so2,i). The algebra f7^(so(4, C)) is a q-deformation of 
the Lie algebra so(4, C) given by means of usual bilinear commutation relations between 

^ The research described in this publication was made possible in part by CRDF Grant UPl-309 
and by DFFD Grant 1.4/206. 
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the elements Iji, 1 < i < j < 4. In the case of the classical Lie algebra so(4, C) one has 
so(4, C) = so(3, C) + so(3, C), while in the case of our q'-deformation ?7q(so(4, C)) this 
is not the case. 

In the classical case, the imbedding SO{n) C SU{n) (and its infinitesimal analogue) 
is of great importance for nuclear physics and in the theory of Riemannian symmetric 
spaces. It is well known that in the framework of Drinfeld-Jimbo quantum groups and 
algebras one cannot construct the corresponding embedding. The algebra Ug{so{n, C)) 
allows to define such an embedding [12], that is, it is possible to define the embedding 
/7g(so(n, C)) C C/g(sl„), where Uq{sln) is the Drinfeld-Jimbo quantum algebra. 

As a disadvantage of the algebra /7^(so(n, C)) we have to mention the diSiculties 
with Hopf algebra structure. Nevertheless, [/^(so(n, C)) turns out to be a coideal in 
Uq{sln) (see [12]) and this fact allows us to consider tensor products of finite dimensional 
irreducible representations of C/^(so(n, C)) for many interesting cases. 

For convenience, below we denote the Lie algebra so(n, C) by so„ and the g-deformed 
algebra f/^(so(n,C)) by J7g(so„). 

Finite dimensional irreducible representations of the algebra ?7^(so„) were con- 
structed in [9]. The formulas of action of the generators of J7^(so„) upon the basis 
(which is a g-analogue of the Gel'fand-Tsetlin basis) are given there. A proof of these 
formulas and some their corrections were given in [13]. However, finite dimensional 
irreducible representations described in [9] and [13] are representations of the classical 
type. They are g-deformations of the corresponding irreducible representations of the 
Lie algebra so„, that is, at g — * 1 they turn into representations of so„. 

The algebra t/q(so„) has other classes of finite dimensional irreducible representa- 
tions which have no classical analogue. These representations are singular at the limit 
q ^ 1. They are described in [14]. Note that the description of these representations 
for the algebra Ulj{sos) is given in [15]. A classification of irreducible ^-representations 
of real forms of the algebra {/^(soa) is given in [16]. 

The aim of this paper is to give irreducible representations of the algebra ?7q(so„) in 
the case when g is a root of unity. We prove that in this case all irreducible representa- 
tions of C/^(so„) are finite dimensional. In order to prove the corresponding theorem we 
prove an analogue of the Poincare-Birkhoff-Witt theorem for C/^(so„) (this analogue 
was anounced in [17]) and use central elements of this algebra for q a root of unity (they 
are derived in [18]). 

For construction of irreducible representations of f7q(so„) for q a root of unity, we 
use the method of D. Arnaudon and A. Chakrabarti [19] for construction of irreducible 
representations of the quantum algebra t/g(sl„) when g is a root of unity. If g^' = 1 
and p is an odd integer, then we construct the series of irreducible representations of 
Uq{sOn) which act on p^-dimcnsional vector space (where N is the number of positive 
roots of the Lie algebra so„) and are given by r = dimso„ complex parameters. These 
representations are irreducible for generic values of these parameters. These represen- 
tations constitute the main class of irreducible representations of C/^(so„). For some 
special values of the representation parameters in C the representations are reducible. 
These reducible representations give many other classes of (degenerate) irreducible rep- 
resentations which are given by less number of parameters or by parameters, values of 
which cover subsets of C of Lebesgue measure 0. As in the case of irreducible rep- 
resentations of the quantum algebra ?7q(sl„), it is difficult to enumerate all irreducible 
representations of these classes. However, we give some most important classes of these 
degenerate representations. In particular, we give 2"~^ classes of these representations, 
which are an analogue of the nonclassical type irreducible representations of ?7g(so„) 
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for q not a root of unity. 

2. The ^-deformed algebra C/,'(so„,) 

The Drinfeld-Jimbo algebra J7q(so„) is obtained by deforming Scrrc's relations for gen- 
erating elements Ei,---,Ei, Fi,---,Fi, Hi,---,Hi of J7(so„) (sec [20]). In order to 
obtain l7^(so„) we have to take determining relations for the generating elements /21, 
I32, ■ ■ ■ ,In,n-i of C/(so„) (they do not coincide with Ej, Fj, Hj) and to deform these 
relations. The elements I21, hir " ,In,n-i belong to the basis lij, i > j, of the Lie 
algebra so„. The matrices lij, i > j, are defined as = Eij — Eji, where Eij is the ma- 
trix with entries {Eij)rs = SirSjs- The universal enveloping algebra J7(so„) is generated 
by a part of the basis elements lij, i > j, namely, by the elements I21, I32, ■ ■ ■ , In,n-i- 
These elements satisfy the relations 

Iii_ili+i^i — 27i^i_i7i_|_i^i7i_i_i + Ii^i^ilii_i = — 7j_|_i^i, 

^i,i—l^i+l.i ~^ '^i-\-i^iIi,i—l — 7^ 

7j,i_i7jj_i - 7jj_i7,_j_i = for \i - j| > 1. 

The following theorem is true [21] for the universal enveloping algebra [/(so„). 

Theorem 1. The universal enveloping algebra f7(so„) is isomorphic to the complex 
associative algebra (with a unit element) generated by the elements I21, I32, ■ ■ ■ ,In,n-i 

satisfying the above relations. 

We make the g-deformation of these relations by 2 — > [2] := (g^ — q~^)/{q — q^^) = 
q + q~^. As a result, we obtain the complex associative algebra generated by elements 
I21, I32, ■ ■ ■ , In,n-i satisfying the relations 

7?j_i7j_|_i^i — {q + q ^)li^i-ili+i^ili^i-i + Ii+i^ilfi_i = —li+i^i, (1) 

~ {1 + q~^)li+l,ili,i-lli+l,i + Ii+l,ih,i-l = (2) 

Ii^i-iIjj-1 - Ijj-ili^i-i = for \i-j\ > 1. (3) 

This algebra was introduced by us in [9] and is denoted by J7^(so„). 

We wish to formulate and to prove for the algebra t/^(so„) an analogue of the 
Poincare-Birkhoff-Witt theorem. For this we determine (see [22] and [23]) in t/g(so„) 
elements analogous to the matrices lij, i > j, oi the Lie algebra so„. In order to give 
them we use the notation Ik,k-i = ^tk-i = ^kk-i- Then for fc > Z -|- 1 we define 
recursively 

^kl ■~ [h+l,ulk,l+l\q = Q^^^ll+l,llk,l+l — Q~^^'^h,l+lh+l,h (4) 
^kl '■— [Il+l,uh,l+l]q--^ = q~^^'^ll+l,llk,l+l - (l^^'^lk,l+lll+l,l- 

The elements I^i, k > I, satisfy the commutation relations 

[I^n^I^ih = lL KvlLh = lL [lL^ll]<i=lti for k>l>n, (5) 

[7^!,, 7+^] = for k>l>n>r and k > n> r > I, (6) 

Kvi:tr]q = iq-Q-')ililL-IkXi) for k>n>l>r. (7) 
For I^, k > I, the commutation relations are obtained from these relations by replacing 
^kl by Ikl and qhyq'^. 
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The algebra J7^(so„) can be considered as an associative algebra (with unit ele- 
ment) generated hy I^, 1 < I < k < n, satisfying the relations (5)-(7). Really, using 
the relations (4) we can reduce the relations (5) - (7) to the relations (1) (3) for I21, 
I32, ■ ■ ■ , In,n-i (for the case of the algebra [/^(sos) this reduction is simple and is given, 
for example, in [15]). Similarly, ?7^(so„) is an associative algebra generated by /y, 
1 < I < k < n, satisfying the corresponding relations. 

Now the Poincare-Birkhoff-Witt theorem for the algebra C/^(so„) can be formulated 
as follows. 

Theorem 2. The elements 

T+m2lj-+m3l j+m„l j+ni32 j+m.i2 j+ ra^l j-+ m„,„_i -0 19 

-'21 -'31 ■■'-'nl -'32 -'42 ' ' ' -'n2 ' ' ' ^n,n-l ' '"ij — O, 1, , 

form a basis of the algebra ?7^(so„). This assertion is true if are replaced by the 

corresponding elements I~j . 

Proof. The proof of this theorem is essentially based on Bergman's Diamond Lemma 
[24]. All the terms which we use in this proof without explanation are defined there. 
Let us consider [/^(so„) as an associative algebra, generated by the elements I^!^, 1 < 
I < k < n, satisfying the relations (5)-(7). These relations can be presented in the form 
of reduction rules 

IkilL = Q^'lLlki+l-'^'lL^ k>m>l, (8) 

ILI^I = <llLltm-^"'ltv k>m>l, (9) 

M = Q-'lpL + r'/'l^^i, k>m>l, (10) 

4Vmp = I^^M' k>l>m>p, (11) 

IPmp = Imp^kP m>k>l>p, (12) 

IP^P = I^plti + iQ-d'^Wpkm-IkM ^ k>m>l>p. (13) 

Every element of the algebra C/^(so„) can be presented as a linear combination of mono- 
mials of the noncommuting elements I^i, I < k. If some monomial contains as a sub- 
monomial the left-hand side of some of formulas (8)-(13), then this submonomial must 
be replaced by the corresponding right-hand side. 

In order to show that the described procedure of reductions will terminate, we 
introduce the total ordering in the set of all monomials. We set /+ ^ ~< I^^ if either 
p < I or both p = I and m < k. Then we say X ^ Y if the length (the number of 
generators) of monomial X is less than the length of monomial Y or if their lengths 
are equal, but X is less than Y in the sense of lexicographical ordering with respect to 
the ordering of generators. The introduced ordering has an obvious property: condition 
X ~<Y implies AXB -< AYB for arbitrary two monomials A and B. Since the left-hand 
side of any rule from the reduction system (8)-(13) is greater than any monomial in the 
corresponding right-hand side, the procedure of reductions must terminate. The basis 
monomials of the statement of the theorem are exactly that monomials which can not 
be reduced more. 

We need only to show that the result of reductions does not depend on the order 
of using reduction rules. The Diamond Lemma claims that this requirement will be 
fulfilled if one shows that all ambiguities that arise in the reduction system (8) (13) are 
resolvable. It is easy to see, that all these ambiguities are overlap ambiguities and appear 
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proof of the resolvability of arising ambiguities is the same (up to replacement of indices) 
for all the initial monomials having the same ordering of indices. In this case, we say 
that ambiguities are of the same type. It is enough to prove resolvability only for one 
representative from the set of all monomials with some fixed type of ambiguity. 

Let us demonstrate resolvability of some concrete type of ambiguity. Consider the 
reduction of the monomials /^^ i2^ti i^-^t, ie with the following ordering of indices: ii > 
*2 = *3 = *5 > *4 > ie- Choose the representative I^'^I^2^ti from this set of monomials. 
It can be reduced in two different ways (over signs "=" we write down reduction rules 
from the reduction system (8)-(13) which must be used): 

(iP) „T+ T+ T+ _ 0-1/2/+ T+ _ „l/2 r+ T+ , 0-1/2/+ r+ 
~ y-'31-'32-'43 y -'41-'32 ^ -'31-'42 ' « -'21-'43 ' 

-'43V-'32-'3l7 — -'43W -'31-'32+y' ^2l) — 1 \H^?,l^i3 1 ^4iy-'32 + 

+1 -'21-'43 — -'3lW-'32-'43 9 -'42J 1 -'41-' 32 + 9 -'21-'43 • 

The results of these two reductions are the same. This means that arising overlap 
ambiguity is resolvable. 

It is easy to show by exactly the same calculation, that all the other 65 types of 
ambiguities which arise in the reduction system (8)-(13) are also resolvable. Therefore, 
all the conditions of the Diamond Lemmma are fulfilled and theorem is proved. 

3. The isomorphism [/^(so„) Uq{sln) 

The algebra C/^(so„) can be embedded into the Drinfeld-Jimbo quantum algebra ?7g(sl„) 
(see [12]). This quantum algebra is generated by the elements Ei, Fi, Kf^ = q^^\ 
i = l, 2, 1, satisfying the relations 

KiKj = KjKi, KiKr^ = R-^Ki = 1, 
K — 

\E- F^ = S -— ' 

EfEi±i -{q + q-^)EiEi±iEi + Ei±iEf = 0, 

-P;^^i±i - (g + q-^)FiFi±iFi + Fi±iF^ = 0, 

[Ei, Ej] = 0, [Fi, Fj] = for [i - j[ > 1, 

where d-i j Eire elements of the Cartan matrix of the Lie algebra sl„. 

In order to prove Theorem 3 below, we note that there exists a one-to-one cor- 
respondence between the basis elements of the algebra i7^(so„) from Theorem 2 and 
the basis elements of the subalgebra of the quantum algebra f/g(sl„), generated by 
Fi, F2, ■ ■ ■ , Fn-i- The last basis elements are constructed by means of the following 
ordering of positive roots of the Lie algebra sl„: 

/3l2,/3l3, • • • ,Pln,P23, • • ■ ,p2n, ' • • , Pn-2,n-l, Pn-2,n, Pn-l,n, (14) 
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where /3y = ai + a^+i H h aj-i and afc are simple roots. (This ordering is the same 

as in Theorem 2.) To every root of this set there corresponds the element FjS.- € 
(see, for example, [7]). Then according to the Poincare-Birkhoff-Witt theorem for the 
algebra 91~ (see, [7], subsection 6.2.3) the elements 

^fc" ^/^"r • • ■ • • • ^r;,? > = o, i, 2, • • • , (15) 

(the order of /3y is the same as in (14)) form a basis of Then the mapping 

Trmi2Tpmi3 I7i"»n-l,n ^ j-_ TO12 t_ mi3 j_ m„_i,„ 

V2 "'■^0n-l,n ^-'21 ^31 •••Vn-l (1^) 

is the one-to-one correspondence between basis elements in and in J7^(so„) which 
will be denoted by T. 

Similarly, to every root /3y from (14) there corresponds the element E^.j of the 
subalgebra 9t+ C J7q(sl„), generated by Si, £'2, • • • , -Bn-i- The elements 

EZ'E^^i^ ■■■EZ"--- ^7:::: ' = 0, 1, 2, • • • , 

(the order of (iij is the same as in (14)) form a basis of 01+. 
The formulas 

deg {Fp^l'F^^l' ■ ■ ■ f£':;;,;") - -(mi2/3i2 + mi3/3i3 + • • • m„_i,„/3„_i,„), 

deg {EZ'EZ,' ■ ■ ■ EZZ]n) = "ii2/3i2 + TOi3/3i3 + • • • m„_i,„/3„_i,„, 

dcg(i7r---<-r) = 

establish a gradation in Uq{s\n) (see [7], subsection 6.1.5). 
Let us introduce the elements 

ijj-i = Fj_i - qq-"'-'Ej_i, j = 2, 3, • • • , n, 

of Uq{s\n)- It is proved in [12] that there exists the algebra homomorphism (p : 
Uq{sOn) Uq{sln) Uniquely determined by the relations ^(/j+i^^) = h+i^i, i = 1,2, ■ ■ ■, 
n — 1. The following theorem states that this homomorphism is an isomorphism. 

Theorem 3. The homomorphism (fi : J7^(so„) — > f/g(sl„) determined by the relations 
(p(7j+i_i) = i = 1,2, - ■■ ,n — 1, is an isomorphism of Uq{sOn) to J7g(sl„). 

Proof. In [22] the authors of that paper state that this homomorphism is an isomorphism 
and say that it can be proved by means of the Diamond Lemma. However, we could 
not restore their proof and found another one. It use the above Poincare-Birkhoff-Witt 
theorem for the algebra t/^(so„). Namely, we use the explicit expressions from [22] for 
the elements 7^ = filij) € J7g(sl„) in terms of the elements of the L-functionals of the 
quantum algebra C/g(sl„): 

h^^{q-q-')-'c,KJ^, 3>i, (17) 
where Cj is equal to g** with an appropriate s € Z and 

K- ^ {KJ^I^^, = {L+yjL-. (18) 

Here J = diag (g"~^, 9""^, ■ • ■ , 1) and explicit expressions for matrix elements and 
l^j of the matrices L+ and L~ are given by formulas from [12] (see also [7], subsection 
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8.5.2). In particular, = 1^^ = if i > j and (resp. 1^^) is expressed in terms of 
Eff^j (in terms of F/^..) Hi < j. We have 

The elements Z^- belong to the subalgebra ^ generated by Ki,K2., • •■ , Kn-i- By (18) 
for j > i we obtain 

3 

K-i = ^cXjl7i, j>i, (19) 

s=i 

where = {q — q~^)q^ with an appropriate r G Z. The summands in (19) have different 
degrees and the lowest degree has the only summand c'jl~^jl~^. 

Let a be a basis element I^i"^^^ Izi"^^^ • • ' Inn-i""'"'^ algebra J7g(so„) from 

Theorem 2. Then 

^(«) = (4-i)'"-(/3-i)'"- • • • (/-^-i)'""-^ 

Substituting here expressions for IJ^ from formulas (17) and (19), we obtain ip{a) in 
form of a sum with a single summand of the lowest degree. This summand of lowest 
degree is c'F^"F^^'^ ■ ■ ■ with nonvanishing coefficient c'. The expression at c' 

is just the basis element of 0T~ C J7g(sl„) corresponding under the mapping T to the 
basis element a of i7^(so„). 

Similarly, if an element a G f/^(so„) is a linear combination of the basis elements 
-^21 '"^^-^31'"^^ ■ ' ' -^?7n-i'"" from Theorem 2, then wc substitute into (p{a) expressions 
(19) for each K~-. As a result, we express ip{a) in form af a sum, containing the 
same linear combination of products c'Fj^^^F^^^ ■ ■ ■ F^^^j\ This linear combination 
contains a subsum of a (fixed) lowest degree and this subsum cannot be concelled with 
other summands in <p(a). Therefore, ip{a) 7^ and ip is an isomorphism from J7g(so„) 
to C/g(sl„). Theorem is proved. 

This theorem has an important corollary. 

Corollary. Finite dimensional irreducible representations ofU^{sOn) separate elements 
of this algebra, that is, for any a € [/g(so„) there exists a finite dimensional irreducible 
representation T ofUg{sOn) such that T{a) ^ 0. 

Proof. If q is not a root of unity, then the assertion of the theorem follows from 
Theorem 3 and from the theorem on separation of elements of the algebra C/g(sl„) by 
its representations (see subsc;ction 7.1.5 in [7]) if to take into account the fact (proved in 
[22]) that a restriction of any finite dimensional irreducible representation of J7q(sl„) onto 
the subalgebra ?7g(so„) decomposes into a direct sum of its irreducible representations. 

Let now g be a root of unity, that is = 1. We denote hy N a. positive integer such 
that every irreducible representation of the quantum algebra t/q(sl„) has dimension less 
than A^. Let a be any nonvanishing element of t/g(so„). Then there exists an irreducible 
representation T of Uq{sln) such that T{ip{a^)) ^ 0. (Note that ^ since Uq{sln) 
has no divisors of zero.) Let T be the restriction of T to the subalgebra J7g(so„). 
Then T is reducible. For simplicity we suppose that T contains only two irreducible 
representations of C/g(so„). (If T contains more irreducible constituents, then the proof 
is the same as for two ones.) Generally speaking, T is not completely reducible, that is 
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in some basis the representation T is of the form 

Ti * 
T2 



where Ti and T2 are irreducible representations of ?7^(so„). Since T(a^) ^ 0, then 
f{a) ^ and 

T^ia) 



f{a) 



If T'i(a) ^ or T2(a) ^ 0, then irreducible representations of t/g(so„) separate the 
element a. Let Ti(a) = and T2(a) = 0. Then 



f(a) 



* 

/ ■ 



In this case T{a) is a nilpotent matrix and T{a)^ = T'(a^) = 0. This contradict the 
assupmtion that T{a^) ^ 0. Therefore, the case Ti(a) = and T2{a) = is not 
possible. Corollary is proved. 

4. Finite dimensionality of representations 

Everywhere below we assume, if other is not stated, that g is a root of unity. Moreover, 

we consider that q'^ = 1 and k is an odd integer. 

Below we shall need an information on the center of the algebra C/^(so„). Central 
elements of the algebra J7^(so„) for any value of q are found in [17] and [22]. They are 
given in the form of homogeneous polynomials of elements of C/^(so„). If (jf is a root of 
unity, then (as in the case of Drinfeld-Jimbo quantum algebras) there are additional 
central elements of f/^(so„) which are given by the following theorem, proved in [18]. 

Theorem 4. Let q'^ = 1 for fc e N and q^ ^ 1 for < j < k. Then the elements 

{(fc-l)/2} 

C«(/J)= E r>l. (20, 



J=0 



where {{k — l)/2} is the integral part of the number {k — l)/2, belong to the center of 
C/^(so„). 

It is well-known that a Drinfeld-Jimbo algebra Uq{g) for q a root of unity (g*^ = 1) is 
a finite dimensional vector space over the center of Uq{g). The same assertion is true for 
the algebra C/^(so„). In fact, by Theorem 4 any clement (I^)^, s > k, can be reduced 
to a linear combination of {lijY , r < k, with coefficients from the center C of i7^(so„). 
Now our assertion follows from this sentence and from Poincare-Birkhoff-Witt theorem 
for Ug{sOn). 

Theorem 5. If q is a root of unity, then any irreducible representation o/f/^(so„) is 

finite dimensional. 

Proof. Let g be a root of unity, that is g*^ = 1. Let T be an irreducible representation 
of Ug{sOn) on a vector space V. Then T maps central elements into scalar operators. 
Since the linear space [/g(so„) is finite dimensional over the center C with the basis 
J2^'"^^/3^"'^^ • • • ruij < k, then for any a € (7g(so„) we have T{a) = 
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Em.,<fc C{m.,}r(/2+i"''/3^i'"'' ' ' ' /+„_i""'" where C{„,^.} are numerical coefficients. 
Hence, if v is a nonzero vector of the representation space V, then T(t/^(so„))v = V since 
T is an irreducible representation. Since T{a) is of the above form for any a € U'g{sOn), 
then V is finite dimensional. Theorem is proved. 

It follows from this proof that there exists a fixed positive integer r such that dimen- 
sion of any irreducible representation of {7g(so„) at g a root of unity does not exceed r. 
Of course, the number r depends on k (recall that k is defined by = 1). 

5. Cyclic representations at g' a root of unity 

Taking into account Theorem 5, below under studying irreducible representations of 

Uq{sOn) at q a root of imity we consider only its finite dimensional representations. 
If q is not a root of unity, there exists two types of such representations: 

(a) representations of the classical type (at g ^ 1 they give the corresponding finite 
dimensional irreducible representations of the Lie algebra so„); 

(b) representations of the nonclassical type (they do not admit the limit g — * 1 
since in this point the representation operators are singular). These representations are 
described in [14]. 

Let us consider irreducible representations of C/^(so„) for g a root of unity (g*^ = 1 
and fc is a smallest positive integer with this property). We also assume that k is odd. 
If k would be even, then almost all below reasoning is true, if to replace k hy k' = k/2 
(as in the case of irreducible representations of the quantum algebra f/,(sl2) for g a root 
of unity in [7], chapter 3). 

We fix complex numbers TO2, m{„/2},n (here {n/2} denotes an integral 

part of n/2) and c^, hij, j = 2, 3, • ■ • , n — 1, i = 1, 2, ■ • • , {j/2} such that no of the 
numbers 

hb,n-l + 

belongs to ^Z. (We also suppose that Cij ^ 0.) The set of these numbers will be 
denoted by w. 

oj = {m„,c„_i, h„_i, ■ • • , C2, h2}, 

where m„ is the set of the numbers mi,„, m2,n) 'Tij„/2},n) ^ind ^^nd hj are the sets 
of numbers Cjj, t = 1, 2, ■ • • , {j/2}, and hij, i = 1,2, - ■ ■ , {j/2}, respectively. (Thus, w 
contains r = dimso„ complex numbers.) Let F be a complex vector space with a basis 
labelled by the tableaux 



= {m„,,f„_i} = {m„,m„_i,^„_2}, (21) 



where the set of numbers m„ consists of {n/2} numbers mi_„, iri,2^n, • • • , 'Ti{„/2},n given 
above, and for each s = 2, 3, • • • , n — 1, rUg is a set of numbers mi^g, • • • , m{s/2},s and 
each rrii^s runs independently the values hi^s,hi^s + ^i,s + k — 1. Thus, dim!/ 

coincides with k^ , where N is the number of positive roots of so„. It is convenient to 
use for the numbers rrij^s, s = 2, 3, • • • , n, the so-called /-coordinates 

/j,2p-i-i = mj^2p+i + p-j + l, lj,2p = mj,2p +p- j- (22) 



{^n} 



"In 

m„_i 
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To the set of numbers u) there corresponds the irreducible finite dimensional repre- 
sentation of the algebra C/^(so„). The operators TLj(/2p+i,2p) of the representation 
act upon the basis elements, labelled by (21), by the formula 



and the operators T^{l2p,2p-i) of the representation act as 

Tuj{l2p,2p-l)\(.n) = y]cj,2p-17:r^ \*'fr,^ T l(Cn)^/_l)- 



(23) 



-&Ll*-.p-5f^lg^ + \U, (24) 

where numbers in square brackets mean g-numbers: 

q-q 1 

In these formulas, (Cn)^"' means the tableau (21) in which j'-th component rrij^s in ms 
is replaced by wij ± 1. If ^ + 1 = hj g + fc (rcsp. mrij s ~ 1 = hj g — 1), then we set 
rrij^s + 1 = hj^s (resp. rrij^s — 1 = ^i,s + A; — 1). The coefficients ^jpi -^2p-ii C2p-i in 
(23) and (24) are given by the expressions 



^2p(Cra) — 



1 \ "'^/^ 

_ ( nLl^,2p+l + ^j,2p][^i,2p+l-^j,2p-l] riiLl [h,2p-l + ^j,2p][^i,2p-l-^j,2p-l] 

I nr^^ j ['«,2p + ^j,2p] [^i,2p — ^j,2p] [^i,2p + ^j,2p + 1] [^i,2p — lj,2p — 1] 



Bip-^{^n) = 

1 /2 

^ I nLlI^'.^P + 0.2p-l][^:.2j; - 0.2;.-l] n'/=i + 0.2p-l][//\2p-2 - 0.2,.-l] \ 

Vrii'^j [^i,2p-l+^j,2p-l][^i,2p-l — ^j,2p-l][^i,2p-l+^j,2p-l — l][^i,2p-l— ^j,2p-l — 1] / 

rc=i['..2.]n::;[/«,2p-2] 



C2p-l(^n) 



ns=l[^s,2p-l][^s,2p-l - 1] 



The fact that the operators T^{Ij,j^i), given above, satisfy the defining relations 
(l)-(3) is proved in the same way as in the case of irreducible representations of [/g(so„) 
when q is not a root of unity in [13] and we omit these rather long calculations. 

As in the case of finite dimensional irreducible representations of the Lie algebra so„, 
the form of the basis elements of the above representation space V and the formulas 
for the operators Ti^{Ijj-i) allow us to decompose the restriction of the representation 
T^, LJ = {m„, c„_i, h„_i, ■ • • , C2, h2}, to the subalgebra ?7g(so„_i). We have 
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where w„_i = {m„_i, c„_2, h„_2, • • • , C2, and m„_i runs over the vectors 
(/ll,„_l + ai, /l2,n-l + 02, • • • , /ls,n-l + cia), s = {{n - l)/2}, = 0, 1, 2, • • • , /c - 1, 
and Cj and are such as in u;. 

Theorem 6. Representations T^^ with the domain of values of representation parame- 
ters, as described above, are irreducible. 

Proof. The proof will be carried out by induction. We shall show even more: For 
every algebra [/^(sOr), r = 2, 3,---, the representations T^^ are irreducible, and two 
representations and T^' {to ^ u)') with u) = {nir, c^-i, hr-i, • • • , C2, and w' = 
{m^, Cj._i, hr_i, • • • , C2, h2}, such that the numbers li,r—l'i 1 ^ * ^ are integers 

and —k < U^r — l[ ^. < k, are nonequivalent. 

For the algebra C/g(so2) these statements are true. In fact, the irreducible rep- 
resentations of Ug{so2) are one-dimensional and nonequivalence condition means that 
i[TOi2] ^ i['Ti'i2] if "^12 — is an integer such that —k < mi2 — m'^j < ^- This is true 
due to the properties of g'- numbers [to] for q'' = 1. 

Now we assume that the above statements on irreducibility and nonequivalence are 
true for the representations of the algebra {7g(so„_i) and prove that they are true 
for the representations of /7g(so„). 

First we show that the representations T^^ of ?7^(so„) are irreducible. For this end, 
we use the decomposition (25): 

where are the corresponding representations T^^.i- According to the induction 
assumption, all the representations Tj in this decomposition are irreducible and pairwise 
nonequivalent. The corresponding representation space K; decomposes as 

V^ = Vi®V2®--- , (26) 

where Vi are representation spaces for Tj. Let T,^ be reducible. This means that there 
exists a proper subspace V'mV^ which is invariant under t/q(so„). Let us show that V 
is a direct sum of some of the subspaces V^. In fact, ifx GV, then x = X1+X2 + . . . + Xr, 
where xi G V^^, X2 & Vi^, ■ ■ ■, Xr G Vi^. First suppose that r = 2 and x = xi -|- X2, 
Xi 7^ 0, X2 7^ 0. Then Tt^(f/^(so„_i))x is a subspace V' of V, invariant with respect to 
Ug{sOn-i). Since Vi^ and Vi^ are irreducible for i7^(so„_i) and the representations Tj^ 
and are nonequivalent, then V coincides with one of the spaces Vi^, Vi^, Vi^ (BVi^. 
In any case, V,^ C V, Vi^ C V and V = Vi^ © Vt^. This means that Vi^ © Vi^ C V. It 
is proved similarly that if r > 2, then Vi^ (B • ■ • (B Vi^ CV. Thus, if some vector x G V 
has nonzero component in some subspace Vi from the decomposition (26) for V^, then 
Vi c V. 

Now it follows from the above formulas for the operators Ti^{In,n-i) that the action 
of the operator T(^(7* „_j), s = 0, 1,2, ■ • ■, upon arbitrary vector x e Vi gives vectors 
containing nonzero components of any subspace Vj from (26). Therefore, any subspace 
Vj from (26) belongs to V. This means that V = V^, and the representation T„ is 
irreducible. 

Let us show nonequivalence of two representations T^^ and T^i, lo u', with 
u = {m„,c„_i,h„_i, • • • ,C2,h2} and u' = {m^, c„_i, h„_i, • • • , C2, 112}, where all the 
numbers — „> 1 < * < {'^Z^}; satisfy the conditions formulated in the beginning 
of this proof. Assume that these representations are equivalent and show that this 
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leads to contradiction. By the definition, two irreducible representations T^^ and T^^' 
are equivalent if there exists nondegenerate operator A such that 

AT^{a)A-^ = T^,{a), a G ?7^(so„). (27) 

The representations T^^ and T^i have the same decomposition into irreducible (and 
pairwise nonequivalent) representations under restriction onto C/^(so„_i). (Note that 
T^, and T^^' are defined on the same space.) Due to Schur lemma, this means that the 
operator ^ is a direct sum of operators Ai acting on the subspaces Vi from (26) and 
each Ai is multiple to the unit operator. 

Let us consider the case n = 2p. Putting a = l2p,2p-i in (27) and writing this 
relation in matrix form in the basis (21) we obtain the equalities 

Si_l(^n)^=S^p-l(C), (28) 

where ^„ differs from by the replacement mj^2p ^'j,2p ^^'^ '^mn-i matrix 
elements of the matrix A. Replacing ^„ by in the last relation we have 

Bip.,{U^ = Bl_,{0- (29) 

Eliminating all am„_i from (28) and (29) we obtain 

(Si-i(e«))' = (Bip-Aa?- (30) 

Using the explicit form of the coefficients -B2p-i ^^^d the identity [x— = [a;]^ — [y]^, 
we derive that 

fl([h,2pr - [ij,2p-ir) = iim,2pr h^p-ir). (31) 

i=l i=l 

Let us consider two polynomials rir=i(['i,2p]^ — a^) and nr=i([^i 2p\'^^^) of variable x. 
They coincide identically if they coincide onp different values of x. Equalities (31) give 
such values. Indeed, for each fixed j (1 < i < p — 1), [lj,2p-i]^ takes k different values, 
and sots of values obtained for different j do not intersect. Thus, we have coincidence of 
the above polynomials on k{p— 1) different points. Therefore, they coincide identically, 
and the sets of their zeros {[^i,2p]^} and {K,2p]^}) 1 < * < also must coincide. But 
the latter is impossible due to the properties of q'-numbers and due to conditions for 
{k,2p} and {l!i^2p} (recall that k,2p,l'i^2p ^ 5^)- 

A nonequivalence of the representations T^^ in the case of the algebra Ug{so2p+i) is 

proved analogously. We only note that in this case we obtain the relations (^2p(Cn))^ = 
{A^piCn))"^ (instead of relations (30)) reducing (due to the identity [x][y] = [(x+y)/2]^ — 
[{x-y)/2]^)to 

fli[k2p+i - 1/2]^ - [lj,2p + 1/2]^) = flm,2p+i - 1/2]' - [k2p + 1/2]'). 
i=i j=i 

Theorem is proved. 
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There are equivalence relations in the set of irreducible representations T^^. In order 
to extract a subset of pairwise nonequivalcnt representations from the entire set, we 
introduce some domains on the complex plane. The set 

D = {x gC\ \Rex\ < fc/4 or Rea; = -k/A, Imx < or Rea; = fc/4, Ima; > 0} 

is a maximal subset of C such that fov all x,y G D, x ^ y, we have [x] ^ [y]. The set 

Z)± = {x e C I < Rex < fc/4 or Rex = 0, Imx > or Rex = fc/4, Imx > 0} 

is a maximal subset of C such that for ah x,y G D^, x y, we have [x] ±[y]- We 
need also the sets 

Dh = {xeC \ |Rex| < 1/4 or Rex = -1/4, Imx < or Rex = 1/4, Imx > 0}, 

= {x G C I < Rex < 1/4 or Rex = 0, Imx > or Rex = 1/4, Imx > 0}. 

We introduce an ordering in the set -D^ (resp. D^) as follows: we say that x y y, 
x,y G (resp. x, y G D^) if either Rex > Rey or both Rex = Rey and Imx > Imy. 

We say that the set of complex numbers — {li.2p, l2.2p, • • • , lp,2p) is dominant if 
h,2p, ^2,2p, • • •, lp-i,2p € D^, lp.2p G -D, and hap >~ l2,2p ■ ■ ■ >- lp-i,2p >- ^p,2pi where 
^p,2p = ^p,2p if ^p,2p G and Z* 2p ~ ^^p,2p if ^p,2p ^ D^. 

The notion of dominance for the set h2p ~ (ft-i,2p, ^2,2p, • • • , ^p.2p) G is introduced 
by the replacements fti,2p, D ^Dh and D± in the previous definition. 

We say that the set of complex numbers bp+i = (^i,2p+i, ^2,2p+i, • ' • i ^p,2p+i) is 
dominant if ?i,2p+i, ^2,2p+i, ■ • • , Zp,2p+i G and h.ip+i >~ h:2p+i >-■■■>- lp,2p+i- 

The notion of dominance for the set of complex numbers h2p+i = (/ii,2p+i, h2,2p+i-, 
■ ■ • ) 'ip,2p+i) is introduced by the replacements Zi,2p+i — >■ /ii,2p+i and in the 

previous definition. 

We say that u = {m„, c„_i, h„_i, • • • , C2, h2} is dominant if every of the sets 
In, h„_i,---, h2 is dominant and if < ArgCy < 27r/fc, j = 2,3, 1; i = 

l,2,---,{i/2}. 

Theorem 7. The representations o/C/^(so„) with dominant uj are pairwise nonequiv- 
alcnt. Any irreducible representation T^j/ is equivalent to some representation T^^ with 
dominant w. 

This theorem is proved by using the relation similar to relation (27) and the decom- 
position (25) for the restriction of the representations to the subalgebra [/g(so„_i). 

6. Partially cyclic representations at g' a root of unity 

The representations of the previous section constitute a main class of irreducible repre- 
sentations of Ug{sOn) at g a root of unity. There are many other classes of irreducible 
representations which are given by smaller number of parameters and act on linear 
spaces of smaller dimension. They are obtained from the above representations T^^ 
if the representation parameters take the values excluded in the previous section. For 
these values of parameters the corresponding representations become reducible and their 
irreducible constituents constitute new classes of irreducible representations of J7^(so„). 
Let us give some of these classes of representations. 
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Let us fix an integer i such that 1 < i < {n/2}, where {n/2} is an integral part 
of n/2. We fix complex munbers rriin, m2n, • ■ •, niin and Csj, hgj, j = 2, 3, • • • , n — 1, 
s = 1, 2, • • • , max {i, {j/2}}, such that Cgj ^ and no of the numbers 

TTij-jij hrji hj-j hgjj hfj ^Sjj'ibi) hfj~\~hsj^ ~\~ hg^j^i^ hf^fi—x Tfigfi^ hf^fi—\~\~tTisfi 

belongs to ^Z, and the numbers m,+i,„, mi+2,n5 • • • ,'m{n/2},nj which are all integral or 
all half-integral and such that 

mi+i,n > mi+2,n > ■ ■ ■ > \mn\ if n^2l, 
rrii+i^n > m+2.n > ■ ■ ■ > min > if n = 2l + 1, 

h+l,n + l{n/2},n < U+l^n ~ l{n/2},n < ^7 

where Ijn are determined by formula (22). Let ui be the set of all these numbers 
fnjn, Csj,hsj. (Note that the quantity of these numbers is less than in the set ui in the 
previous section.) 

Let y be a complex vector space with the basis labelled by the tableaux (21), 
where the set of numbers m„ consists of {n/2} numbers mi^„, m2,n) ■ ■ ■ , 'Ti{ra/2},n given 
above, and for each s = 2, 3, • • • , n — 1, rris is the set of numbers mi^s, • • • 7 n^{s/2},s 
and each rrirsj r < i, runs independently the values hr.s,hr^s + I7 •••,^r,s -|- A; — 1 
and numbers rrirs, r > i, run all integers (if mj+i,„, mi+2,ri7 • • • ,'7i{n/2},n £^re integers) 
or half-integers (if mi^i,n,mi+2,n, • ■ • ,ni{n/2},n £^re half-integers) satisfying the same 
betweenness conditions as in the case of irreducible representations of the classical type 
for q not a root of unity, that is, the conditions 

'mi+l,2r+l > 'Tli-|-l,2r > ''ni+2,2r+l > 'mi+2,2r > ' ' ' > ?7ir,2r-|-l > 'Tlr,2r > —'mr,2r+l, 
'mi+l,2r > 'Tli-|-l,2r-l > mi+2,2r > 'mi+2,2r-l > ' ' ' > 'Tlr-l,2r-l > |'Tlr-,2r|- 

To the set of numbers w there corresponds the irreducible finite dimensional rep- 
resentation of the algebra ?7,j(so„) with the operators T/^{Ir+i,r) given by formulas 
(23) and (24) (with the same expressions for the coefficients Aj^, B2p_i and C2p-i) in 
which Cj,s = 1 for J > i. 

The fact that the operators T^{Ij,j^i) satisfy the defining relations (l)-(3) of the 
algebra ?7g(so„) and irreducibility of the representations T/^ are proved in the same way 
as in the previous section. 

A particular case of the above representations constitute the so called irreducible 
representations of minimal dimension. They correspond to the case i = 1 and m2n = 
msn = ■ ■ ■ = m{n/2},n = 0- Thesc representations are given only by complex numbers 
mi,„, ft-i^ri-i, ^i.n-27 • • • 7 hv.2., c„^i,Cn-2, ' ' ' , C2 • We dcuotc them by T™. The space 
of such a representation has a basis labelled by the tableaux 



(mxn On^ 

mi „_i 



mi, 4 U 

^1,3 

V ^,1,2 / 



= |mi,„,mi,„_i, • • -,7711,2), 



where each mi^, r < n, runs independently the values /ii,., hir + 1, • • • , /j-i,- + A; — 1. 
The operators T™™(Jr+i,r) of these representations act upon these basis vectors by the 
formula 

^™(^r-M,r)|^n) 



: 1 



1/2 

mr+1 + nir + r - 2][mr+i - rrir][mr + nir-i + r - 3]\ 



— C 

[2mr + 1 — l][2mr + r — 3][mr — m^-i + 1]"-^ 

1 /2 

_ _i / [nir+i + mr + r - 3][mr+i - + l][mr + m^-i + r - 4] \ 
'''' V [2m^+r-3][2m^ + r-5]K-m^_i]-i J '^^"^"^ ' 

(for convenience wc replaced here mij by rrij). These representations are given by 
2n — 3 parameters and act on ^""^-dimensional vector spaces. 

7. Other irreducible representations at g a root of unity 

If g is a root of unity, then there also exists a class of irreducible representations of 
Ug{sOn) similar to the representations of the nonclassical type of i7^(so„) when q is not 
a root of unity. These representations are described as follows. 

Let I be a fixed integer such that 1 < i < {n/2}. We fix complex numbers 
min,m2n, ■ ■ •, ruin and Csj, hgj, j = 2, 3, • • • , n - 1, s = 1, 2, • • • ,max{i, {j/2}}, satisfy- 
ing the same conditions as in section 6, and the numbers mi+i,„, mi+2,n, • • • , "i{n/2}n, 
which are all half-integral and such that 

rrii+l^n > mi+2,n >■■ > "^{r^/2}r^ > 1/2, 

h+l,n + l{n/2},n < h+l,n ~ l{n/2},n < ^• 

We also fix the set e = (e2i+2, £21+3, • • • , £j = ±1- Let u> be the set of all these 
numbers Cgj, hgj and e. 

Let 1^ be a complex vector space with a basis labelled by the tableaux (21), where 
the set of numbers m„ consists of {n/2} numbers mi^„, m2.„, • • • , TO{„/2},n given above, 
and for each s = 2, 3, • ■ • , n — 1, is a set of numbers rrii.s, • • • , fni^g/2},s s-nd each m. 
r < i, runs independently the values /i^.s, hr,s + !)■■•, hr^s + A; — 1 and numbers m. 
r > i, run all half-integers satisfying the same betweenness conditions as in the case of 
irreducible representations of the nonclassical type for q not a root of unity (see [14]), 
that is, the conditions 

"^i-|-l,2r-|-l > 'mi+l,2r > 'mi+2,2r+l > "^i-|-2,2r > • ' ' > 'rnr,2r+l > "^r,2r > 1/2, 
'mi+i^2r > mi-M,2r-l > "^^-|-2,2r > mj-F2,2r-l > • • • > fUr-lfir-l > "^r,2r > 1/2. 

To the set of numbers ui there corresponds the irreducible finite dimensional repre- 
sentation T" of the algebra C/^(so„). 

li p < i, then the operators rj(/2p+i,2p) and Tj(/2p,2p-i) act on the basis elements 
1^) by formulas (23) and (24) (if to replace in (24) p by p -|- 1). If p > i -|- 1, then the 
operators T^{l2p+i,2p) and rj(/2p+2,2p-i-i) act as 

T"{l2p+l,2p)\^n) = 5mp,2p,l/2 ^1/2 ^"^^_i/2 -P2p(Cn) l^n) + 

j=l j = l 



rs. 



^J(-^2p-|-2,2p-|-l)|Cn} — r„, ^TTT l(Cn)2'p+l)- 

~{ L^'j,2p-M - lJ['j,2p-Mj-F 



Cj,2p+1^2p+l(Cn) 



15 



In these formulas, Csj = 1 if s > i, (^n)^"' means the tableau (21) in which j-th 
component rrij^k is replaced by rrij^k ± 1- Matrix elements and B2p_^_i are given by 
the same formulas as in (23) and (24), and 

A fi: \ - ris^l [l».2i> + 2,+ ni'=l L^.-..2p] + 

'-^2p+ll,?n; — -prp r, 1 r, ,i • 

lls=ll'«,2p+lj + ['s,2p+l - ij + 

n /f ^ _ nr=i[^»,2p+i - ^] nr=i [^»,2p-i - 

llj=l [H,2p + 2Ji'».2p ~ 2 J 

In these formulas 

P + = —■ 

q-q 

The fact that the operators T^{Ijj-i) satisfy the defining relations (l)-(3) of the 
algebra t/q(so„) and irreducibility of the representations are proved in the same way 
as in section 5. 
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